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概率论



• 具有随机性的事情称作试验（experiment/trial）：抛硬币、掷骰⼦、明天的
最⾼⽓温等。


• 试验的所有可能结果（outcome）的集合称为样本空间（sample space）：


• “抛⼀次硬币得到的⾯” → 


• “同时掷两个骰⼦得到的数字” → 


• 样本空间的⼦集称为事件（event）：


• “掷两个骰⼦的到的数字之和不⼤于4” → 


•  和  是样本空间  上的事件，则 , , ,  也都是  上的事件 


• ⼀个事件发⽣了，指的是该事件的集合中某⼀个结果实现了


• 样本空间本身也是事件，其含义为进⾏了试验（或事情发⽣了）

{H, T}

{11, 12, 21, 13, 31, 22, … , 66}

{11, 12, 21, 13, 31, 22}

A B S A ∪ B A ∩ B Ac A − B S

Sample space and events
样本空间与事件
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令样本空间  上的事件的集合为 ，定义在  上的实数值函数 
 如果满⾜下列公理，则称为概率函数（probability function）


1.    for   .


2. .


3. 如果  两辆不相交，则 .  

• 事件的概率就是衡量它发⽣可能性⼤⼩的测度。概率⼀定为⾮负，试验产⽣任意结果
的概率为 1，不相交的事件发⽣其⼀的概率等于各⾃发⽣概率之和。


• 以“抛⼀个公正的骰⼦”为例：


• ， 


• 根据概率的公理，

S 𝒜 𝒜
Pr : 𝒜 → ℝ

Pr(A) ≥ 0 A ∈ 𝒜

Pr(S) = 1

A1, A2, … Pr(⋃∞
i=1 Ai) = ∑∞

i=1 Pr(Ai)

S = {1,2,3,4,5,6} Pr({i}) = 1/6

Pr({1, 2}) = Pr({1}) + Pr({2}) = 1/3

Probability function
概率函数
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若集合  与  满⾜ ，

则称它们不相交（disjoint）

A B A ∩ B = ∅



针对事件  和 ，下⾯的性质成⽴


1. 


2. 


3. 


4. 


5. 


6. Boole’s Inequality:  


7. Benferroni’s Inequality:  

A B

Pr(Ac) = 1 − Pr(A)

Pr(∅) = 0

Pr(A) ≤ 1

A ⊆ B ⇒ Pr(A) ≤ Pr(B)

Pr(A ∪ B) = Pr(A) + Pr(B) − Pr(A ∩ B)

Pr(A ∪ B) ≤ Pr(A) + Pr(B)

Pr(A ∩ B) ≥ Pr(A) + Pr(B) − 1

Properties of the probability function
概率函数的性质
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A

B

A ∩ B



• 若两个事件同时发⽣，我们称之为联合事件


• 假设你毕业后结识的第⼀个朋友叫⼩明，他的收⼊和学历的样本空间是 



• 令事件  
，



• 则  是联合事件，其概率称为联合概率（joint probability）


• 联合概率的直观理解 
 
 
 
 
 

S = {{⾼收⼊,⾼学历}, {⾼收⼊,低学历}, {低收⼊,⾼学历}, {低收⼊,低学历}}

H = {⾼收⼊} = {⾼收⼊,⾼学历} ∪ {⾼收⼊,低学历}
C = {⾼学历} = {⾼收⼊,⾼学历} ∪ {低收⼊,⾼学历}

H ∩ C = {⾼收⼊,⾼学历}

Joint Events
联合事件
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⾼学历 低学历 任意学历

⾼收⼊ 0.19 0.12 0.31

低收⼊ 0.17 0.52 0.69

任意收⼊ 0.36 0.64 1

联合概率

⾼收⼊

低收⼊

⾼
学
历

低
学
历



• 当你和⼩明逐渐熟悉，你了解到他是研究⽣毕业（⾼学历），此时，他收⼊的
概率就发⽣了变化


• 任意学历下⾼收⼊的概率为 


• 已知⾼学历时，⾼收⼊的条件概率为 


当  时，条件概率  定义为 
 

	 	

Pr(⾼收⼊) = 0.31

Pr(⾼收⼊ ∣ ⾼学历) = 0.19/0.36 = 0.53

Pr(B) > 0 Pr(A ∣ B)

Pr(A ∣ B) =
Pr(A ∩ B)

Pr(B)

Conditional probability
条件概率
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⾼学历 低学历 任意学历

⾼收⼊ 0.19 0.12 0.31

低收⼊ 0.17 0.52 0.69

任意收⼊ 0.36 0.64 1

⾼收⼊

低收⼊

⾼
学
历

低
学
历



⼀个事件发⽣的概率如果不影响另⼀个事件发⽣的条件概率，我们说这两个事件是独⽴的。因此，
独⽴事件的定义为 
 

	  

• 例如两个⼈分别抛⼀枚硬币，如果两个⼈的胳膊没有被连接在⼀起，⼀般情况下我们可以认为两枚硬币出现
的⾯是独⽴的（两者之间没有关联）


• 由定义可知，独⽴事件的联合概率是各⾃概率的乘积。若令第⼀枚硬币的⾯为  和 ，第⼆枚硬币的⾯
为  和 ，并令 ， ，则有 
 
 
 
 
 
 
 

• ⼩明的收⼊和学历是独⽴的吗？


• 不相交的事件  与  不是独⽴事件，为什么？

{Pr(A ∣ B) = Pr(A),
Pr(B ∣ A) = Pr(B) } ⇔ Pr(A ∩ B) = Pr(A) Pr(B)

H1 T1
H2 T2 Pr(H1) = p Pr(H2) = q

A B

Independence
独⽴性
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H1 T1

H2 pq (1 – p)q q
T2 p(q – 1) (1 – p)(1 – q) 1 – q

p 1 – p 1



• 若样本空间  中的事件  互不相交，且 ，我们说 
 是  的分割（partition）


• 若  也是  中的事件，则 
 

	 	 


•  互不相交，因此由概率公理第三条可得 ，

带⼊条件概率公式可得下⾯的公式


全概率公式：若  是  的分割，且所有 ，则  
 

	 	

S B1, B2, … ⋃∞
i=1 Bi = S

B1, B2, … S

A S

A =
∞

⋃
i=1

(A ∩ Bi)

{A ∩ Bi} Pr(A) = ∑∞
i=1 Pr(A ∩ Bi)

{B1, B2, …} S Pr(Bi) > 0

Pr(A) =
∞

∑
i=1

Pr(A ∣ Bi) Pr(Bi)

Law of total probability
全概率公式
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A

S

B1 B2 Bi



• ⻉叶斯公式是关于条件概率计算的便利公式


• 根据条件概率的定义可知 
 

	 


• 解第⼆个等式可得 
 

	 


•  和  是样本空间  的分割，因此，对  使⽤全概率公式可得 
 

	  
 
带⼊上式可得⻉叶斯公式


⻉叶斯公式：如果 ， ，则


	

Pr(A ∩ B) = Pr(A ∣ B) Pr(B) = Pr(B ∣ A) Pr(A)

Pr(A ∣ B) =
Pr(B ∣ A) Pr(A)

Pr(B)
A Ac A B

Pr(B) = Pr(B ∣ A) Pr(A) + Pr(B ∣ Ac) Pr(Ac)

Pr(A) > 0 Pr(B) > 0

Pr(A ∣ B) =
Pr(B ∣ A) Pr(A)

Pr(B ∣ A) Pr(A) + Pr(B ∣ Ac) Pr(Ac)

The Bayes rule
⻉叶斯公式
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• 假设⼤学毕业⽣分为认真⼯作（ ）和不认真⼯作（ ）两种，从历年的⾏业调研可知 



• 企业希望能够雇佣更多认真⼯作的员⼯，于是开发了⼀种测试系统，并通过早期实验得知不同员⼯在
该测试中得分⾼（ ）与低（ ）的概率分别为  
 

	 


• 企业能否通过测试成绩鉴别优秀毕业⽣呢？  
 

 

 

 

• 可⻅，企业在招聘中采⽤这种测试系统是可以获得⼀定收益的：在测试正获得⾼分的毕业⽣，其认真
⼯作的可能性为 4/9，⼤于不采⽤测试时的概率 1/4；⽽在测试中获得低分的毕业⽣，其认真⼯作的可
能性为 1/11，远⼩于不采⽤测试时的概率 3/4。

E N
Pr(E) = 1/4, Pr(N ) = 3/4

H L

Pr(H ∣ E) = 4/5, Pr(L ∣ E) = 1/5
Pr(H ∣ N ) = 1/3, Pr(L ∣ N ) = 2/3

Pr(E ∣ H ) =
Pr(H ∣ E) Pr(E)

Pr(H ∣ E) Pr(E) + Pr(H ∣ N ) Pr(N )
=

(4/5) × (1/4)
(4/5) × (1/4) + (1/3) × (3/4)

=
4
9

Pr(E ∣ L) =
Pr(L ∣ E) Pr(E)

Pr(L ∣ E) Pr(E) + Pr(L ∣ N ) Pr(N )
=

(1/5) × (1/4)
(1/5) × (1/4) + (2/3) × (3/4)

=
1
11

The Bayes rule: an example
⻉叶斯公式
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⻉叶斯公式：


Pr(A ∣ B) =
Pr(B ∣ A) Pr(A)

Pr(B ∣ A) Pr(A) + Pr(B ∣ Ac) Pr(Ac)



随机变量是从样本空间  映射向实数  的函数。


• “抛⼀枚硬币”的样本空间是 ，我们可以定义随机变量 ： 
 

	 	 


• 如果随机变量  的取值为离散值，我们称之为离散随机变量


• 对于离散随机变量 ，其概率函数（probability mass function）为 。这⾥
的概率  是基于  时发⽣的事件定义的。概率为正的取值称为⽀撑点（support 
point），⽀撑点的集合称为⽀撑（support）。


• 概率函数可以通过柱形图描绘 
 
 
 
 
 

S ℝ

S = {H, T} X

X = {1 if H
0 if T

X

X π(x) = Pr(X = x)
Pr(X = x) X = x

Random variable
随机变量
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深圳⼤学专任教师岗位分布（深圳⼤学信息公开⽹2023/9/20）

0
0.125
0.25

0.375
0.5

教授 副教授 助理教授/讲师



⽀撑为  的离散随机变量  的期望值定义为  
 
	  

• 期望值也称均值（average/mean），因为他是随机变量的取值⽤其发⽣概率进⾏加权平均后得
到的值


• “掷⼀个公正骰⼦”得到的数字的期望值是  
 
	 


• 当⽀撑包含⽆限个点时，期望值可能不存在


• 圣彼得堡悖论（St. Petersburg Paradox）：反复抛⼀枚硬币直⾄出现  为⽌。如果在第  轮出现了 ，
则你可以获得  元现⾦。那么你愿意为参加这个游戏付多少钱呢？


• 令游戏的持续轮数为 ，则  是随机变量，其概率函数为 


• 游戏回报的期望值是 ，即不存在（级数是发散的）

𝒳 X

E[X] = ∑
x∈𝒳

x π(x) = ∑
x∈𝒳

x Pr(X = x)

∑6
i=1 i × 1

6 = 1 + 2 + 3 + 4 + 5 + 6
6 = 7

2

H k H
2k

K K Pr(K = k) = 2−k

∑∞
i=1 2k 2−k = ∑∞

i=1 1 = ∞

Expectation/Expected value
期望值
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随机变量  的累积分布函数定义为 ，写为 


• 分布函数  的⼀般性质


1.  是⾮减少函数


2. 


3.  是右连续函数，即 

X F(x) = Pr(X ≤ x) X ∼ F(x)

F(x)
F(x)

limx→−∞ F(x) = 0, limx→∞ F(x) = 1

F(x) limx↓a F(x) = F(a)

Cumulative distribution function (CDF)
累积分布函数

14

CHAPTER 2. RANDOM VARIABLES 24

This is a valid probability function since e = P1
k=0 1/k !. The support is X = {0,1,2, ...} with probability

mass functionº j = e°1/( j !) for j ∏ 0. (This a special case of the Poisson distribution which will be defined
in Section 3.6.)

It can be useful to plot a probability mass function as a bar graph to visualize the relative frequency
of occurrence. Figure 2.2(a) displays the probability mass function for the distribution (2.1). The height
of each bar is the the probability º j at the support point. While the distribution is countably infinite the
probabilities are negligible for k ∏ 6 so we have plotted the probability mass function for k ∑ 5. You can
see that the probabilities for k = 0 and k = 1 are about 0.37, that for k = 2 about 0.18, for k = 3 is 0.06 and
for k = 4 the probability is 0.015.

To illustrate using a real-world example, Figure 2.2(b) displays the probability mass function for the
years of education1 among U.S. wage earners in 2009. You can see that the highest probability occurs at
12 years of education (about 27%) and second highest at 16 years (about 23%)

0.
0

0.
1

0.
2

0.
3

0.
4

0 1 2 3 4 5

0.
0

0.
1

0.
2

0.
3

0.
4

(a) Poisson

8 10 12 14 16 18 20

0.
0

0.
1

0.
2

0.
3

(b) Education

Figure 2.2: Probability Mass Functions

2.4 Transformations

If X is a random variable and Y = g (X ) for some function g : X ! Y Ω R then Y is also a random
variable. To see this formally, since X is a mapping from the sample space S to X , and g maps X to
Y ΩR, then Y is also a mapping from S to R.

We are interested in describing the probability mass function for Y . Write the support of X as X =
{ø1,ø2, ...} and its probability mass function as ºX (ø j ).

If we apply the transformation to each of X ’s support points we obtain µ j = g (ø j ). If the µ j are
unique (there are no redundancies) then Y has support Y = {µ1,µ2, ...} with probability mass function

1Here, education is defined as years of schooling beyond kindergarten. A high school graduate has education=12, a college
graduate has education=16, a Master’s degree has education=18, and a professional degree (medical, law or PhD) has educa-
tion=20.

概率函数
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(b) Education

Figure 2.4: Discrete Distribution Functions

3. lim
x!1

F (x) = 1.

4. F (x) is right-continuous, meaning lim
x#x0

F (x) = F (x0).

Properties 1 and 2 are consequences of Axiom 1 (probabilities are non-negative). Property 3 is Axiom
2. Property 4 states that at points where F (x) has a step, F (x) is discontinuous to the left but continuous to
the right. This property is due to the definition of the distribution function as P [X ∑ x]. If the definition
were P [X < x] then F (x) would be left-continuous.

2.8 Continuous Random Variables

If a random variable X takes a continuum of values it is not discretely distributed. Formally, we define
a random variable to be continuous if the distribution function is continuous.

Definition 2.8 If X ª F (x) and F (x) is continuous then X is a continuous random variable.

Example: Uniform Distribution

F (x) =

8
<

:

0 x < 0
x 0 ∑ x ∑ 1
1 x > 1.

The function F (x) is globally continuous, limits to zero as x !°1 and limits to 1 as x !1. Therefore it
satisfies the properties of a CDF.

Example: Exponential Distribution.

F (x) =
Ω

0 x < 0
1°exp(°x) x ∏ 0.

分布函数

• 概率函数的部分和是分布函数： 
 

 

• 分布函数的差分是概率函数： 
 

F(x) = ∑
a∈𝒳,a≤x

Pr(X = a)

Pr(X = x) = F(x) − lim
ε→0

F(x − ε)



如果随机变量  的取值为连续值，我们称之为连续随机变量。下⾯通过分布函数给出
⼀个等价的定义：


当  且  为连续函数时，称  为连续随机变量


• 服从均匀分布（uniform distribution）的随机变量是连续的： 
 

	 	 


• 区间概率： 


• 连续随机变量取任意特定值的概率都为零： 
 

        


• 因此，

X

X ∼ F(x) F(x) X

F(x) =
0 if x < 0
x if 0 ≤ x ≤ 1
1 if x > 1

Pr(a < X ≤ b) = F(b) − F(a)

Pr(X = x) = limε→0 Pr(x − ε < X ≤ x) = F(x) − limε→0 F(x − ε) = 0

Pr(X ≤ x) = Pr(X < x) = F(x)

Continuous random variable
连续随机变量
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尝试画出这个函数的图像



• 连续随机变量没有对应的概率函数（因为取特定值的概率为零），但是我们可以通过分布函数定义和
概率函数相对应的密度函数


当连续随机变量  的分布函数是 ，且可微分（differentiable）时，其密度函数为  


• 任意函数  是密度函数的充分必要条件是：


1.  for all 


2. 


• 区间概率： 
 




• 期望值： 


• 正态分布（normal distribution） 
的密度函数： 
 

X F(x) f(x) = d
dx F(x)

f(x)
f(x) ≥ x x

∫ ∞
−∞

f(x) dx = 1

Pr(a < X ≤ b) = ∫ b
a

f(x) dx

E(X) = ∫ ∞
−∞

xf(x) dx

f(x ∣ μ, σ2) = 1

2πσ2
exp( − (x − μ)2

2σ2 )

Probability density function (PDF)
概率密度函数
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and so satisfies the properties of a density function.

Example: Exponential Distribution. F (x) = 1°exp(°x) for x ∏ 0. The density is

f (x) = d
d x

F (x) = d
d x

°
1°exp(°x)

¢
= exp(°x)

on x ∏ 0, 0 elsewhere. This density function is non-negative and satisfies
Z1

°1
f (x)d x =

Z1

0
exp(°x)d x = 1

and so satisfies the properties of a density function. We can use it for probability calculations. For exam-
ple

P [1 ∑ X ∑ 2] =
Z2

1
exp(°x)d x = exp(°1)°exp(°2) ' 0.23.

Example: Hourly Wages. Figure 2.7 plots the density of U.S. hourly wages.

0 10 20 30 40 50 60 70

P[20<X<30]=0.24

f(x)

Figure 2.7: Density Function for Wage Distribution

The way to interpret the density function is as follows. The regions where the density f (x) is relatively
high are the regions where X has relatively high likelihood of occurrence. The regions where the density
is relatively small are the regions where X has relatively low likelihood. The density declines to zero in

CHAPTER 2. RANDOM VARIABLES 30

The function F (x) is globally continuous, limits to zero as x !°1 and limits to 1 as x !1. Therefore it
satisfies the properties of a CDF.

Example: Hourly Wages. As a real-world example, Figure 2.5 displays the distribution function for hourly
wages in the U.S. in 2009, plotted over the range [$0,$60]. The function is continuous and everywhere
increasing. This is because wage rates are dispersed. Marked with arrows are the values of the distribu-
tion function at $10 increments from $10 to $50. This is read as follows. The distribution function at $10
is 0.14. Thus 14% of wages are less than or equal to $10. The distribution function at $20 is 0.54. Thus
54% of the wages are less than or equal to $20. Similarly, the distribution at $30, $40, and $50 are 0.78,
0.89, and 0.94.

0 10 20 30 40 50 60

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

F(x)

Figure 2.5: Distribution Function – U.S. Wages

One way to think about the distribution function is in terms of differences. Take an interval (a,b]. The
probability that X 2 (a,b] is P [a < X ∑ b] = F (b)°F (a), the difference in the distribution function. Thus
the difference between two points of the distribution function is the probability that X lies in the interval.
For example, the probability that a random person’s wage is between $10 and $20 is 0.54°0.14 = 0.30.
Similarly, the probability that their wage is in the interval [$40,$50] is 94%°89% = 5%.

One property of continuous random variables is that the probability that they equal any specific
value is 0. To see this take any number x. We can find the probability that X equals x by taking the limit
of the sequence of probabilities that X is in the interval [x, x +≤] as ≤ decreases to zero. This is

P [X = x] = lim
≤!0

P [x ∑ X ∑ x +≤] = lim
≤!0

F (x +≤)°F (x) = 0

2009年美国时薪的分布函数（左）与密度函数（右）



随机变量  的  阶矩（ -th moment）是 


• 若  是离散变量，则 


• 若  是连续变量，则 


当  时，随机变量  的  阶中⼼矩（ -th central moment）是 ，同时定义  
为⼀阶中⼼矩


•  阶中⼼矩分别称为⽅差（variance），偏度（skewness）和峰度（kurtosis），其中⽅差写为 
 或 ，其算数平⽅根称为标准偏差（standard deviation）


• 矩的⼀些性质：


1. 


2. 


3. 


4. Jensen’s inequality:  
如果  是凸函数，则 ； 
如果  是凹函数，则 

X k k E[Xk]

X E[Xk] = ∑x∈𝒳 xk Pr(X = x)

X E[Xk] = ∫ ∞
−∞

xk f(x) dx

k > 1 X k k E[(X − E[X])k] E[X]

2, 3, 4
Var[X] var[X]

E[a + bX ] = a + bE[X ]

Var[X ] = E[X2] − (E[X ])2

Var[a + bX ] = b2Var[X ]

g(x) g(E[X ]) ≤ E[g(x)]
g(x) g(E[X ]) ≥ E[g(x)]

Moments
矩
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凸函数凹函数



• 在之前的讨论中，我们把样本空间  投影到  得到了随机变量。如果我们将  投影到多
维欧⽒空间，则可获得随机向量（random vector） 

⼆维随机向量  的联合分布（joint distribution）是 
 
	  
 
联合分布函数为连续且可导时，可以定义联合密度（joint density）函数 
 
	

S ℝ S

(X, Y )

FX,Y(x, y) = Pr(X ≤ x, Y ≤ y) = Pr[{X ≤ x} ∩ {Y ≤ y}]

fX,Y(x, y) = ∂2

∂x ∂y FX,Y(x, y)

Joint distributions
联合分布
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Chapter 4

Multivariate Distributions

4.1 Introduction

In Chapter 2 we introduced the concept of random variables. We now generalize this concept to
multiple random variables known as random vectors. To make the distinction clear we will refer to one-
dimensional random variables as univariate, two-dimensional random pairs as bivariate, and vectors
of arbitrary dimension as multivariate.

We start the chapter with bivariate random variables. Later sections generalize to multivariate ran-
dom vectors.

HH TH

HT TT
(0,0)

(0,1)

(1,0)

(1,1)S

Figure 4.1: Two Coin Flip Sample Space

74

CHAPTER 4. MULTIVARIATE DISTRIBUTIONS 75

4.2 Bivariate Random Variables

A pair of bivariate random variables are two random variables with a joint distribution. They are
typically represented by a pair of uppercase Latin characters such as (X ,Y ) or (X1, X2). Specific values
will be written by a pair of lower case characters, e.g. (x, y) or (x1, x2).

Definition 4.1 A pair of bivariate random variables is a pair of numerical outcomes; a function from
the sample space to R2.

To illustrate, Figure 4.1 illustrates a mapping from the two coin flip sample space to R
2, with TT

mapped to (0,0), TH mapped to (0,1), HT mapped to (1,0) and HH mapped to (1,1).

a
b

c d

e

(35,25)

(25,40)

(25,15)

(15,20)

(6,8)

Sample Space Bivariate Outcomes
wage

experience

S

Figure 4.2: Bivariate Random Variables

For a real-world example consider the bivariate pair (wage, work experience). We are interested in
how wages vary with experience, and therefore in their joint distribution. The mapping is illustrated by
Figure 4.2. The ellipse is the sample space with random outcomes a,b,c,d ,e. (You can think of outcomes
as individual wage-earners at a point in time.) The graph is the positive orthant in R

2 representing the
bivariate pairs (wage, work experience). The arrows depict the mapping. Each outcome is a point in
the sample space. Each outcome is mapped to a point in R

2. The latter are a pair of random variables
(wage and experience). Their values are marked on the plot, with wage measured in dollars per hour and
experience in years.

在不产⽣误解的情况下，可简写为  和 F(x, y) f (x, y)



• 边际分布是指在给出联合分布的前提下，每个随机变量各⾃的分布


对于  ，  的边际分布是 
 




• 从定义可推出 


• 边际密度函数为  
 
 
 
 
 
 

(X, Y ) ∼ F(x, y) X

FX(x) = Pr(X ≤ x) = Pr(X ≤ x, Y < ∞) = lim
y→∞

F(x, y)

FX(x) = ∫ ∞
−∞

∫ x
−∞

f(u, v) du dv

fX(x) = d
dx FX(x) = ∫ ∞

−∞
f(x, y) dy

Marginal distribution
边际分布
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H1 T1

H2 pq (1 – p)q q
T2 p(q – 1) (1 – p)(1 – q) 1 – q

p 1 – p 1

边际概率函数



• 条件分布是指某⼀随机变量（ ）在其他随机变量取特定值（ ）时的分布。条件分布的定
义因条件中变量是离散还是连续⽽不同


•  是离散随机变量时，若 ，则  关于  的条件分布和条件密度函数分别是 
 

	 ,          

•  是连续随机变量时， 。若 ，则定义  关于  的条件密度函数为 
 

	 	  

 
如果联合分布函数  关于  可导，且 ，则  关于  的条件分布函数为 
 

	 	

Y X = x

X Pr(X = x) > 0 Y X = x

FY∣X(y ∣ x) = Pr(Y ≤ y ∣ X = x) fY∣X(y ∣ x) =
∂
∂y

FY∣X(y ∣ x)

X Pr(X = x) = 0 fX(x) > 0 Y X = x

fY∣X(y ∣ x) =
f(x, y)
fX(x)

F(x, y) x fX(x) > 0 Y X = x

FY∣X(y ∣ x) =
∂
∂x F(x, y)

fX(x)

Conditional distribution
条件分布
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• 事件  和  独⽴    


• 若令 , ，则可⽤分布函数定义随机变量的独⽴性


随机变量  和  在统计学上独⽴（statistically independent）的定义是，所有  
满⾜下式 
 
	 	  
 
写作 。 

• 如果存在概率函数或密度函数，则独⽴的定义可以写成  
 

	     或    


• 定理：如果  且两者都是连续变量，则条件密度等于边际密度  
 

	 ,    

A B ⇔ Pr(A ∩ B) = Pr(A) Pr(B)

A = {X ≤ x} B = {Y ≤ y}

X Y (x, y)

F(x, y) = FX(x)FY(y)

X ⊥⊥ Y

π(x, y) = πX(x)πY(y) f(x, y) = fX(x)fY(y)

X ⊥⊥ Y
fY∣X(y ∣ x) = fY(y) fX∣Y(x ∣ y) = fX(x)

Independence (cont.)
独⽴性（续）
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证明这个定理



• 协⽅差和相关系数都是衡量两个随机变量间关系的指标


如果随机变量  和  的⽅差皆为有限，则两者间的协⽅差（covariance）是 
 
	  
 
两者间的相关系数（correlation coefficient）是 
 

	  

• 如果 ，我们称  和  不相关（uncorrelated）


• 定理： 


• 定理：

X Y

Cov[X, Y ] = E[(X − E[X])(Y − E[Y ])] = E[XY ] − E[X] E[Y ]

Corr[X, Y ] =
Cov[X, Y ]

Var[X] Var[Y ]

Cov[X, Y ] = 0 X Y

X ⊥⊥ Y ⇒
⇍ Cov[X, Y ] = 0

Var[X + Y ] = Var[X] + Var[Y ] + 2Cov[X, Y ]

Covariance and correlation coefficient
协⽅差与相关系数
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−1 ≤ Corr[X, Y ] ≤ 1



随机变量  关于  的条件期望是条件分布  的期望值，记
为 


• 如果  和  均为离散变量，则 


• 如果  是连续变量，则 


• 条件期望可以描述不同组别内的期望值，例如当  代表教育程度（⾼
中、本科、硕⼠、博⼠），  代表收⼊时，  就是博⼠毕
业⽣的平均收⼊


• 条件期望是计量经济学的核⼼概念，在回归模型中，回归函数可以解释
为条件期望

Y X = x FY∣X(y ∣ x)
m(x) = E[Y ∣ X = x]

X Y E[Y ∣ X = x] =
∑i yi π(x, yi)

πX(x)

Y E[Y ∣ X = x] = ∫ ∞
−∞

y fY∣X(y ∣ x) dy

X
Y E[Y ∣ X = 博⼠]

Conditional expectation
条件期望
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需注意：  为离散和连续变量时，条件密度  的定义不同X fY∣X(y ∣ x)



• 条件期望  是  的确定函数，但如果我们没有确定  已经发⽣，则 
 伴随着概率 


• 如果我们考虑所有可能的  的取值及其概率分布，则条件期望可以看作随机变量  的函数，
其本身也是随机变量，写作 


•  是随机变量，因此可以计算期望值。⼀个⾮常重要的结果是下⾯的迭代期望定律 

迭代期望定律：如果 ，则  

 和  均为连续变量时的证明： 
 

m(x) = E[Y ∣ X = x] x X = x
X = x πX(x)

X X
m(X) = E[Y ∣ X]

E[Y ∣ X]

E[Y ] < ∞ E[E[Y ∣ X]] = E[Y ]

X Y

E[E[Y ∣ X]] = ∫
∞

−∞
E[Y ∣ X = x] fX(x) dx = ∫

∞

−∞ ∫
∞

−∞
y fY∣X(y ∣ x) fX(x) dy dx

= ∫
∞

−∞ ∫
∞

−∞
y f(x, y) dy dx = E[Y ]

Law of iterated expectation
迭代期望定律
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均值独⽴性：当  时，称  均值独⽴于 


• 注意：均值独⽴性并不是对称概念，“  均值独⽴于  ”不等于 “  均值
独⽴于  ” 

定理：  

• 证明可参考 https://www.econometrics.blog/post/why-econometrics-
is-confusing-part-ii-the-independence-zoo/ 


• 这个定理告诉我们，均值独⽴性⽐统计学上的独⽴性弱。在回归模型
中，我们经常会⽤到均值独⽴性作为假设条件

E[Y ∣ X] = E[Y ] Y X

Y X X
Y

X ⊥⊥ Y ⇒
⇍ {E[Y ∣ X] = E[Y ]

E[X ∣ Y ] = E[X]} ⇒
⇍ Cov[X, Y ] = 0

Mean independence
均值独⽴
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https://www.econometrics.blog/post/why-econometrics-is-confusing-part-ii-the-independence-zoo/
https://www.econometrics.blog/post/why-econometrics-is-confusing-part-ii-the-independence-zoo/
https://www.econometrics.blog/post/why-econometrics-is-confusing-part-ii-the-independence-zoo/


•  关于  的条件⽅差定义为 


• 由定义可知 


•  也是随机变量  的函数 

⽅差的分解公式：  

 和  均为连续变量时的证明：


 

已知 ， ，可得


	

Y X = x Var[Y ∣ X = x] = E[(Y − m(x))2 ∣ X = x]
Var[Y ∣ X = x] = E[Y2 ∣ X = x] − m(x)2

Var[Y ∣ X ] X

Var[Y ] = E[Var[Y ∣ X ]] + Var[E[Y ∣ X ]]

X Y

E[Var[Y ∣ X ]] = ∫
∞

−∞
Var[Y ∣ X = x] fX(x) dx

= ∫
∞

−∞
{E[Y2 ∣ X = x] − m(x)2} fX(x) dx = ∫

∞

−∞
E[Y2 ∣ X = x] fX(x) dx − ∫

∞

−∞
m(x)2 fX(x) dx

= E[E[Y2 ∣ X ]] − E[m(X )2] = E[Y2] − E[m(X )2]
Var[Y ] = E[Y2] − (E[Y ])2 Var[m(X )] = E[m(X )2] − (E[m(X )])2 = E[m(X )2] − (E[Y ])2

E[Var[Y ∣ X ]] = Var[Y ] − Var[m(X )]

Conditional variance and variance decomposition
条件⽅差与⽅差分解公式
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总⽅差 = 组内⽅差 + 组间⽅差

迭代期望定律


