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Appendix 2: Review of Statistics

Hansen, B. (2022). Probability & Statistics for Economists. Princeton University Press.
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Population Sample

SELi]RiiEE

Random sampling

Inference

» N ZENREFROMEHEE (randomvector) , Bl Y = (Y, Y,, ..., Y,), HF
Y REENES

BN EENES (X, X, ..., X, } A MIIFE2 % (independent and identically
distributed/i.i.d.) 2EXLERENMEHEEHIBRME—T2% F

MRS HENEEES (X, X, ..., X, |} AMHNIEER (random sample)

« F#RANBIES% (population distribution) Z{E{E (population)

o MEERPIREMNFEARNTEROMENHEE (random sampling) . FEHINES
FhRERE

1. 2RI RY)LFEE, HEAFEE N PR (N AU ERIELR) 2, FEVHES
MEFFENIERE n MMERNRE, fldloES TS E “BEA R BE N MDA RS

2. UMM RAFE, MBI ERNEIREMIIFZ (data generating process/DGP)
o n NERIRE, FIANSCIQsy LN 5

3



TS HERR

Sample and inference

748 (sample) ZFEHIHENER

» BfTEEREINEIES (
EEFHE—FEREEE

/]IIII

dataset) RFIABMEETSIFAIER,

— N MY{E (observation)

o HEARRE n TUWMER, n I NERSE (sample size)

BT A AN SR ER R A AT R ROSFIERY 1T R 0 3R (inference)

o SRFARAPHE T 75 A BUR -
E?&EB@‘MH&H

» BELIEAINES o B

(clustered sampling) .
(time series data) .

PR IR EH, BIMERITGE, Bl

+£ (stratified sampling) .
EiREHE (panel data) .

==|8)#3E (spatial data) %

4
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3 3k
* Q E \ y I ; Table 6.1: Observations From CPS Data Set

- Observation Wage Education
Current Population Survey 1 e 15
2 40.87 18
o Current Population Survey (CPS) EEET 3 14.18 13
C 2003 TR A 4 16.83 16
5 33.17 16
6 29.81 18
« CPS B4 4~& 9600001 =2 7 54.62 16
_ L 8 43.08 18
« CPS XAMMERD BIftES 9 14.42 12
1. BRESM 852 MUK, FHERFEHTIAD ooy
FFIEEN XEMXHITD R, EFEFREHE 12 11.09 16

_/\:tﬂ_j'x .

% X 13 10.00 13
2. BUBK MM, 7EMK AR REHLIEERT SR aooeE
. BMERES2000E3BHESH, CIEE b e e
A EH TR ET12FNFF4, Wage 18 24.04 16
R (FE#H/T{ERNH) , Education I 19 36.06 18
20 23.08 16

HEFER

Hansen, B. E. Probability & Statistics for Economists. PUP



) 3 E Y [/ N E
Fit=. S, M=
Statistics, parameters, and estimators

B F REERE O TR NSE (parameter)

e a0, SRME u = E[X] 2E2E0H F 89—MiE

AR (X, ... X, ) IREFRAEGTE (statistic)

. BItn, HABEX ==X, B RitE

l

MRBAVBRAE—FITERBUSHN O, WX TFRITER 0 NEITE
(estimator) , 12{E 0

. a0, HAWE X SRENE p —NMETE, JUSEs A =X
. URADZMERN, G2 0 WEVERIRNEITE (estimate)

6




L E Sk

Sampling distribution

s ST ZERIRE, Rt EMEsE, ARMEB SRS

FIT=ERIBIER T AR

. (HIHE 0 HmiED B E

o DUEAIE X A6, HATATMATA,

1. RENAE

9o (sampling distribution)

AT BN FRA] 1 A& S

2. SRS HEESD M, XoMm

3. KEFEARTF (n — o)
4. DA RFT
5. Bootstrap ¥T1{I{

iNpaki

EZR TS O0RIER

ST R X ST

BRIE: EX]=u
SEAEE: Var[X] = E[(X; — p)*] = ¢*
o= \/; MR EIFHEZ (standard deviation)




(LiTRE

Estimation bias

(52 0 WEE (bias) EX K bias[d] = E[0] — 6
« MRREN 0, MFRZEIT=9IEIR (unbiased)
« EARIMNERD FF, EB—Eit=0]eE NI R oIgEE IR

. E[X] = %ZLE[XZ.] =" p=p, B < oo B, XA u kIER

(it 8 ”

. 1 BRI B I X, S

» 02 OIERIEITE = f=da0+b 2 =ab+ b IERGITE
. tNER h 2IELERE, N B = h(0) F—EL f = h(0) AEREITE

8




{MITHZE

Estimation variance

fiEitE 0 19752 Var[0] = E[(0 — E[0])*] SiEsE (sampling
variance)
- X A E:

« Xi,... X, RINEDH = X,.... X, MAAEX

e Xy, ... X, MAAMERX = Var|Y! X)| = > Var[X]]  esmmxrem

i=1""1

2

. Var[X] = Var[- 3" X]| = Lz > Var[X] = = (VarlX] = 0° < o)

i=1""1

. tNE f=ab+ b, M Var[$] = a*Var[0]
o —HRIBERT, BMTEFREBIEEUTIE h(X) NAZENERRA

9




IIRE

Mean squared error (MSE)

s WHRESIAIRREHEMITERENEBINE
{HitE 0 9522 (mean squared error) E XK
MSE|9] = E[(6 - 6)’]

MSE|[6] = E[(0 - 6)?]
= E[(6 — E[0] + E[0] - 6)?

= E[(0 — E161)| + 2E[0 — E[01] (E[0] - 0) + (E[6] - 0)°
GME—FA Var[d], E_HNE, BN (bias[d])?, Rt
% Var[0] < oo B, MSE[0] = Var[0] + (bias[6])’
: B FERFERESZ OGS, EREEETEES. LNEERERABEHTHS

10



R A ZEREIT

Estimation of variance

. MREABEEp, W6 =—3" (X, — )’ £ o* WIERMETE

El6=-Y" EX-w ==Y o*=0

o WF p KA, B4 =-Y" (X, — X £ o® IER(EITRI?
2 =—3" (Xi—u+p—X)?
= %Z?zl (X; — p)* + %Z?zl 2(X; — ) — X) + %Z;;l (n = X)°
=13 K- P+ 2% - - X) + (u - X)?

~2 Y, 2
=6"—(X—u
n 2 | N)
FE L, E[Uz] = 02_0_ — (1__)6 s? BEIMAEARSE (sample variance) .
g 62 FRAMARSZE, W 52 RN REBENASZE
= S2 — 1 "2 =] 02 E’]EHEV:'{EV"E (bias-corrected sample variance)
n—= T2 s AE o NEREITE

11






AR

Limit

s BAEBKX, BEAFESNERBRIASMAMEERIER, ALRINEERSTn - o©
I 1T =2 RIIRBRYFLE

BEIIRR: MRNFEE e > 0, HEn, < 0o, & |a, —a| < e SFER
n>n, KL, MR a BEF a, BIRER (I|m|t) 5 lim a, = a, XEANR a, &

n — oo IJUXEX (converges) + a o
BENEERIRFR Z BEZRRR : MR FEE € > 0,

lim Pr(|Z, —c| <¢e)=1 SN lim Pr(|Z, — c| > ) =0
NFR c AEENZEENRFES Z, RBEWRER (probability limit) , 5{F plimZ, = c 5§

n—~oo

Z LAY X EA TR Z, £ n — oo BRTMKIFUXEY (converges in probability) I ¢

13



RENER

Law of large numbers (LLN)

58 AEETE (weak law of large nubmers, WLLN) : 1R X
N iid. B EX] <oco, M=EHn— ooy

_ 1 © D
X, =— 2 X, — E[X] EVREAHMBR IR K T B R B
e T i SRR
BEMABZNER
N = A =2 N T A~ p
NRfEIT=E 0 £ n — oo FREBEERIKST 0 (B0 — 6) , N
R0 2 0 B—2 (consistent) {hiT=

» HARIERAZ, FAERSFIIEN—HHITE

14



RIUKRZER

X ~ Bernoulli(p = 0.9), n = 20,50,100,200,500,1000,2000,5000

1.00 - %Nﬁ?n,E&ﬂMﬁ%Mﬁﬁ#ﬁ%ﬁﬁﬁﬁ%Xﬁ
2 X, 157,
0.95 -
l | 0

r____L___j |

0.90 - | ] |
| |
: | \

0.85 -
0.80 -
0.75 -

20 50 100 200 500 1000 2000 5000



RIUKRZER
X ~ Bernoulli(p = 0.9), n = 20,50,100,200,500,1000,2000,5000

AER X, DTEHREE (kernel density) fiit ﬂ
20

50
100
200
500
1000
2000
5000

)

80 -

60 -

density
S

20-

0.75 0.80 0.85 0.90 0.95 1.00



RIUKRZER

X ~ Bernoulli(p = 0.9), n = 20,50,100,200,500,1000,2000,5000

0.9-

xbar

0.8-

I3 n, R 100 ERMEAIITESARAN 1) = ——X,.
Ehe ol T,

20 50 100 200 500 1000 2000 5000
n



RIUKRZER
X ~ Bernoulli(p = 0.9), n = 20,50,100,200,500,1000,2000,5000

AER A DTHIREE (kernel density) it

80 - 20
50
100

200
500
1000
2000
5000

-

60 -

density

20 -

0.8 o'
xbar



IR R EIE

Central limit theorem (CLT)

e EIWIRZ o MIRER: Z, RN D TREX G, (1) = Pr(Z, < u)., MRIEE u,
G(u) = Pr(Z < u) @ EEX *&Eé n— ooy G () = G(u), W Z, iU ey

(converges in distribution) F Z, 5 Z, N V4

M Gu) R Z, BEhHs7 (asymptotic distribution) S A#ZARS % (large sample
dlstrlbutlon) g tPR D% (limit distribution)

Lindeberg-Lévy FULRFREIE: 1R X, Jy i.id. B E[X7] < 00, M n — oo B
V&, — ) —= Z ~ N©,6?)
&t u = E[X], 6? = E[(X; — p)*], N(a,b?) FER a HEHR b> HWESHF

- EARBEAT, Z, =/nX, — p) BI9ER 0, BEN 62, LN HiFHEA Z, MHIHD 52
ESHH

. CLTHAIUB AL X, < N(u, Z), BVETAR N(u, Z) 163 X, SR

19



RERIORBRETE

X ~ Bernoulli(p = 0.9), #87Tn -

0.5-
0.4-

0.3-

20

ﬂ

0.2-

0.1-

0.0-

density

0.5

0.4

0

w

0.

N

0.1

0.0

500

4 2 0 2 4 2 0 2 4 2 0 2 -
z

50 100
1000 2000

20

=B 1000 2B BEA AR

200

EER Z, /0 DRI
%2 E (kernel density) (&1t

WR#E LLN, #m#Eofm NO,1)

>

20
50
100
200
500
1000
2000
5000

5000




The distribution of male and female heights Our World

The distribution of adult heights for men and women based on large cohort studies across 20 countries in North America, Europe,
East Asia and Australia. Shown is the sample-weighted distribution across all cohorts born between 1980 and 1994 (so reaching
the age of 18 between 2008 and 2012).

Since human heights within a population typically form a normal distribution:

~ 68% of heights lie within 1 standard deviation (SD) of the median height;

- 95% of heights lie within 2 SD.

in Data

Female median height
164.7 cm (5ft 5in)

Male median height
178.4 cm (5ft 10in)

VWomen

68% of female heights lie between
157.6 cmand 171.8 cm
(6ft 2in and 5ft 7in)

68% of male heights lie between
170.8 cmm and 186 cm
(5ft 7in and 6ft 1in)

95% of female heights lie between
150.6 cmand 178.9 cm
(4t 11in and 5ft 10.5in)

95% of male heights lie between
163.2 cm and 193.6 cm
(5ft 4in and 6ft 4in)

_2sD ~18D -2sD ~1SD + 18D +2SD +1SD +25D
150.6 cm 157.6 cm 163.2 cm 170.8cm 171.8cm 178.9 cm 186 cm 193.6 cm
(4ft 11in) (5ft 2in) (5ft 4in) (6ft 7in) (5t 7.5in) (5ft 10.5in) (6ft 1in) (6ft 4in)

Height —>

Note: this distribution of heights is not globally representative since it does not include all world regions due to data availability.

Data source: Jelenkovic et al. (2016). Genetic and environmental influences on height from infancy to early adulthood: An individual-based pooled analysis of 45 twin cohorts.
This is a visualization from OurWorldinData.org, where you find data and research on how the world is changing. Licensed under CC-BY by the author Cameron Appel.



density

0.6-
0.4-
0.2-
0.0-

0.9-
0.6-
0.3~
0.0-

20-
1.5~
1.0-
0.5-
0.0-

NSNS E Sk

SESTENBKRD S

52

52

52

52

10 S$E WHO 2)LIEKH Tk,
i WS 6 AN BRI LA

| : BE: (u,0) =(56.2, 2)

— 78 (u,0) = (55.1, 2)

54 56 58

30 IR —EHRMES D, LEXN

FEEAE (n = 10,30,100,200) Ff
REASIME X, OIS RO R i

: sex
54 56 58
| F
100 =f= "
i i !
] |
M
| |
| |
54 56 58
200 BERSTENXLREKFEZEN
; i
| : 1.1icm > 0
| I
l I RUEIEESITERNSITFEENXS
' ' o ! NISN=AVA,
54 56 58 I)U*IL‘:\X-
xbar
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fFistaiury B HRL T

The ldea of Hypothesis Testing

ZEmEFIRE

y,=pf+u,, u ~ID0,5%

BT OLS i EHRE f=— Y . Var[fl = o>

n

BB ELAEFH f 2 mEEMMESIFME, Blal
Hy: p=py vs Hy: p+#p

H, 2ZFi% (null hypothesis) , H; @& {Rix (alternative hypothesis)

BANETXS Hy #1THRIE, MEEAE—TRR5IT=E (test statistic) , AMEEFE
1. SFEIRERN, RMOMEXFITERM DA
2. 3FRirtEx (AIEFRIRER) N, BNMEZSITERMDT B # A,

NRFBRIZ EBINEMREEARATNESITENEVENE, FITMEEBEEERIXEERN.
SIEAZT O, BAIENATIEL (reject) FfiRik, MiRE TR (accept) FERIX.,

24



Sit=E7
Distribution of Test Statistic

BREBIBES®RIE Hy: = py KL (XE8 [, MR P fESEE) . BNEI)ER
1% u, RMIESDE 6 240,

— T ERIRESITTERE

= ,5—,50 = ﬁ(ﬁ—ﬁo)
var[f] °

AN f IR, MESBST EZ] =0, 05ER

Varlz] = E[z%] = ZE[(f - f)1 = LZ = 1

MR u, BMESHTE, z BRMESST, Bz ~ N(O,1).

WRERBIE H, : [ # Py B3I, BHNEEL =, # Py, WEL =P, + 7. A% 7 BM
N0, 6%/n), Btz ~ NA,1), A= @(ﬁl — B9

25




RN RS d

Rejection and Acceptance Regions

Hy: p=py = z~N(QO1)
H : p#p, > JIEEMP=p, z~NAI), ﬂ=@(ﬁ1—ﬁo)

= n BUAR, MEFFRIKT, KERAIUINE z WBEZEEARARNE., WREATHHESTILN
2 |z| > 0, FrILAIEEERIX,

BANFESHME—THEEZRIAIMN, BEBNNRE—TIELLE (rejection region) , =z
RBEE XY, MIELERIR., 0 (test) = WIGGITE + EERNN], HELEFATIMYXE

=f&>15 (acceptance region) .,

N(O,1)

26



Huh% T EEH TR

A ARRIBENLIE, PREWRIGET P REHINTRIR,

B E FEMMEINTEIR: oISt Ea
EZERIR BB TR
FRIZARIL I Type | error
BERIgHAL Type Il error IET#

1030k size: Pr( type | error ) = Pr( reject H,y | H,)
1IORITIRN (power) : 1 — Pr(type Il error) = 1 — Pr( accept H, | H,)

MIGRIEMEEE ]\, size RLE)\, BRI/, EUILFTAERRIE/NMIPEEIRAE
X, BATEERBE— T IEZN size, ARAERBRINNGEANMKLLSGE (the Neyman-
Pearson approach) .

MRETIESHRAK size B (1F type | error RAENRAER) FRAKMIGH EEMEKTE

(level of significance) , BEICIE o,

27



WIEBIE 7 > cp

H, TRITE0m H, THRITE0

OT CR/l\

Pr( accept H, | H,) Pr( reject Hy | Hy)

HIEREE 7 < Cr

H, THSHES T H, TS EH %

T r 0 T

Pr( reject Hy | Hyy) Pr( accept H, | H)
28



la5EH P18

Critical Value and the P Value

HA NN EZFEKT o i, BA)TNBEIEE RFENS TV E Bz aEEsE,
2 SUTERMINEIES D, MXRERINRYIEFE ¢, FTABE FEAIFREEEE X

D(c,) = 1-%

& ¢, = (D‘l(l—%) (B - po)

O ZinEES D EIRR D MmRE

_.Ca O 2 é01
LEATVLNRNSIHE 2 1, A8 2Pr(z > |2]) EX RIZI0H P& (marginal/observed
significance level) . P {ERIGFMEN Z AIRIGFTX N EZF HKTF,
BT EEE P B a BOK/N, RILAEWIMBHIBTIGIOER (IBEEIESERIR) .
PESH#AZENEMN, HAE n @K, BEMBEA, PEME/N, BLb, TEAERT, ]

AIZ ish A

NMNEEM 5% 81 1% EHEFHKFREEE (NIRFEEN a) , AXREHETHENSFFES
M (AR RITRED)

29



S{5XIH]

Confidence Interval

ELSHE 0 AT R 0 ZaNXRE
0 = 0 + IR E
6 2 0 #=fHit (point estimation) , T 6 A0S AAIALGH X EEIT (interval

estimation) .

0 HosmtE D7
/ \ BE{57/K¥E (confidence level)

- = Pr[lower bound < 6 < upper bound]
=1 -«

EEKFE a R
xFhz 100(1 — a) %

lower bound upper bound 0
0 — c, 0 +c,

0

E{=X |8 (confidence interval)
30



Figure 8.5 A sample of A

one hundred observed 95% 100 -
confidence intervals based
on samples of size 26 from 80 T

the normal distribution with
mean p = 5.1 and standard
deviation o = 1.6. In this 40 +
figure, 94% of the intervals
contain the value of L.

Sample
o)
S
|
|

20 +

0 4 5 6
Confidence interval

DeGroot & Schervish (2012), Probability and Statistics, 4th Edition, Pearson. (p.478)

RIBESDT Nu = 5.1, 0% = 1.6%) AR n = 26 BIHEA, REEMEREEXE,
HPEE 7100 XFREEXE, ERM4TE=HEINomYEu = 5.1,
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lLa\7J ﬁ

The Normal Distribution

EAS \7FE1'|_7,$J\H Hiofn (Gaussian distribution) , HEREE{E u
75%0 I’ /9%/\_0

N(u, 6%) EE RIS

1 (x — )’
2N H
f(x‘//t90)_ eXp( 252 )

o\ 27T

x_

M8 x ~ N(u, 6%), Mz ="—= ~ N(O,1),

* RMIESSHRIBUETEMNEEESHARMIER

e
3
st
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.VXE lb\ﬂﬁ
The Multivariate Normal Distribution

fEtlmE x = (X, ..., x,) BRMEREEER p, MHEREREN QB
%EEI’F&%*‘TM%‘%L% x ~ N(pu, ), HREREN

1
flx | p.Q) = —exp(—5(x —p)'Q ' (x — p))

m/?2
(27T) | Q | E¥ Q SHh5EER, FESLEE,
YE Q T, FEEEERE.,

c MRx ~Np,Q), Ma'x ~Na'u,a'Qa).

» IR x BRMZEEIESTM, BEMAERLAFT (EREEEA
*E;é) \I.J -xla °°°9xm $EE3E—LO

fHEMIZ (mutual independence) :
SO, g, oo X)) = fO0)f () (%)
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-E H /D\ ﬁ OAOf(a?)

The Chi-squared Distribution ... |

Lk

EHLEE 7 ~ N0, 1) i, BENZEE o] N

=1

_ 2 —|— m 2 0.05
yE|z[|F=z"z= Z <t T N

BRMBEBERN m B9EKH5 9% (chi-squared distribution with m
degrees of freedom) , By ~ y*(m).

 Eyl= X" Elz1=X" 1=m
« Var[y] = 3" Var[z] = mE[(z} — 1)°]
=mE[z* 222+ 11=mB -2+ 1)=2m

o Vi~ Hmy), yy ~ Rmy) = (v +yy) ~ yi(my +my)
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ARMF 7 o mekEE S

T
1. WREER m WBENEE x ~ NO,Q), Mx'Q 'x ~ y’(m);
2. R P 2i%EE A rank(P) = r, 7 ~ N(0,1) 24E R n IEN@E, Wz Pz ~ y*(r).,

UEER :

1. Q ENMHRIETEER, ELFEESSEEAEE Q=AA" (Section3.4) . IATEE
7z=A"x: E[z]=E[A"'x]=A"'E[x]=0, B

Var[z] = Var[A~'x] = E[A 'xx "4 ")™]
=A7'Exx"]ANH) ' =A7TAATAT) ! =
Eitbz ~ N0, 1), Mix'Q 'x =xTA") A7 x =27z, FAhAx'Q7'x ~ y*(m).
2. BRIRPHRFE nxriEEZmnyzE, AP =2(Z"2)""'2",
7' Pz=2"Z(Z"'2)"'2"7

WMESx=Z"z, WE[x]=0,Var[x] =E[Z'22'Z]=Z"Z, Bt x ~ NO,Z'Z), 5|}
2 Pz=x"(Z"Z)'x ~ y*(r),
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Student’s t o
The Student’s t Distribution o

Standard Normal

ME z ~ NO,1), y~ y*(m), B
z My BEIHRAL, N

y [ I | T T I T €T
-4 -3 -2 -1 0 1 2 3 4
m 1 . . .
Figure 4.5 PDF's of the Student’s ¢ distribution

S 9 m i Student’s t o1, B L, ~ 1(m),

AR ME

S

- BHEN mit pffFEeim — 1 T, EIb (1) =B8%E, 1(2) X
BHIE(E,

. &127E, W E[1,] =0, Vart,] =m/(m—2),
» HAm— oo iy, t 7B ERST 1, 7HBEEESTIER

37
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F 53%n
The F Distribution

113

yi ~ x2(my), v, ~ y*(m,), By, 5y, \@EIMIIAT,

2 - Y1/m1

mp,ny
Y2 / US)

IRMEBEERN Iy A n, i F 0%, Bk Fm1,m2 ~ F(ml, m2)o

. E[le,mz] = (le — 1)/(7’112 — 3),
. Ymy > oo B, mF,, . =y ~ ximy).

+ Mt HTEHIEXETH, L x ~ 1(my) B, x> ~ F(1,m,).
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