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Lecture 5: Statistical Properties of OLS
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Multivariate Distribution
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Law of Iterated Expectation (LIE)

E[Y] = Ex|E[Y | X]]
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ZERELS OLS ffix

independently and identically distributed
Eat X NEHT, u, RMEIZE S A,

K ol (F=u E q1; %
%?—éﬂ’\]éﬁq_&._ - UH*EEEE-L\XEE‘Z Ei’/]'fﬁjj 0, E%jj o, EEIQ,\ U '3 u, E’Jﬂl‘ﬁ%jj 0,
y=Xpf+u, u|X~I1D,qs%I) ‘j
X ELHGRRAPEZ A MERIR:

% linearity: y 2 f BIZIERRER
R E X o AR, LB (v, X, .. X)) AEI—TEAE D IR FEZR
HMEM exogeneity: Elu, | X] =0 = Ely|X]=Xp

B3 ZE % homoskedasticity: Var[u, | X] = c? = FESMEM I,

7o B#1E3% non-autocorrelation: Covl[ug,u, | X] =0  Valu |X]=0" & Elw’|X] =0
Covlu,u, | X]=0 & Eluu, |X]=0
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The Exogeneity Condition

Elu, | X] = 0 #%R jjfrd‘ﬁ%* % (strict exogeneity) , TEf&EEL
HAERBESZMmE, BENEFRIEIERFEEDE, — T iR5E3

RS ERIE & (predetermlnedness) Elu, | X,] =0

FEARIMEM T IASH
1. E[u,] = Ex|El[u, | X]| =0
2. Eluu'] = Ex|Eluu’ | X]| = E[6*I] = ¢°I
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(Conditional) Mean Independence

MBI
= E[Y | X] = E[Y] N, #R YiIEMILITF X,

ENX AN, SEMIIEASNFRIES, YISEMIT X A~FF X IYEHI
Y.
EIH:
N I— X
X5 Yt X5 YEMIL X5 Y%%K
XY E[X | Y] = E[X], Cov[X,Y] =0

E[Y | X] = E[Y]

ZNIEES

& E[XY] = E[X]E[Y]

EM{E B e[5E https://www.econometrics.blog/post/why-econometrics-is-confusing-part-ii-the-independence-zoo/
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S E[u, | X] = 0 B3z, MRRER u YEmT-

-EREE X,
0

£ X WUy, WEu | X] = E[u]. WAEMEEESR Eu] = 0.
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The Homoskedasticity & Non-autocorrelation Condition

Var[u | X] = o*I E#EF#759 spherical error, FFRIZEIFRRM

spherical distribution (BkE73 1)
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Probability Density
o

pdf of bivariate N(0, I)

x1

contour plot
2D — 3D: circle — sphere
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Unbiasedness

el
ESHOWEIER 0, 07 0M—MEHE, WK E0] — 6, PibitE 0 1k
Z (bias) Rz, HE[0]—06,=0, A

E[0] = 6,
i, 0 23ERH.
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(X)X ..., X)) FIITTBENAEAR, BEA X, BAKIER Elx] = 4.

BAEEINFEG T B LERR, SRMED) , BRIEXZE B
FRFUTEN—EIITE (REUER)

ZETE=A yu BfETHE:

A 1 - n p
M1=n+1i—Z1Xi = Y TH

1.01 &
0, = le. = 1.01x = 1.01p

n .
=1
A 0.99 & o
fiz = 0.01x; + — Y x; =0.0Lx +0.99% - 0.01x, +0.99
n —
=2
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3% f EIS(ER f,y. B I OLS fHitE B K
p=X"X)"'XTy
= (X'X)"'X"(Xp) +u)
=B+ X' X)"'Xu
= E[fl=p,+E(X X)X u]
RIFBIACEZEER, AMEZINAIANE R
ElX"X)"'XTu] = Ex|[ElX"X)"'XTu | X]
= Ex|X"X)"'X"E[u | X]|

R, SHIMEMSRM Elu | X = 0 pRIZAT,

T —1vT _ —
E[(X X)X u] =Ex[0] =0 A 18] B R A RS RS I,

) A - MAHEAIEM. L B AiR.
= E[pl=p, =P rARRETE) %0 D&M (2021) pp.90-92 "
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24 = fy+ X)X RisRRR - BREDRSH, B
A IR B An2 1B A M58 —INAEE AR AR 0 B8 A plim X" = A.plim¥" = B = plim X"Y" = AB
(plim %XTX) - (plim %XTu)
n—co n— o Theorem D.14 (Greene, 2020)
X'X2kxkiEr, 21, ) BER ﬁfﬂi‘ﬁﬂﬂiﬁ&ﬁi plim (W™ = Q!

n
T, _—
=1

—ARNER TR plim x, x;, {BHFIAERHE plim —-x; x;.
AR XX = Y XX, MRIEALER, plim ~ Y XX, = E[X'X,], Ei

TERIZ X, 2 ID BB
plim—X"X = EXX]1=Q = plim—(X'X)"'=0Q"

_>
n—oo n—0e0
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ETRBATITIE plim —X Tu,

AR X =Y, XTu, WREARER, plim—Y" X u = E[X u], Eit

n—oo

plim %X "u=E[Xu)

MNREBSHIENM Elu, | X,] =0, MARHE LIE,
E[X'w)] = Ex |E[X,'u, | X,)| = Ex [X," - E[u, | X]]
= Ex[X-0]=0

A, plim o X"u = E[Xu] = 0.

n—oo

AN ID, EFRAEMRMFN (TEBIMEERME) , f=F+ X' X) " Xuf
M2 —R9EERRERER 0, BD B 2 f —RUEiT =,
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o IERIEER TERIAX/NER, M—HIEERTAER,

« RIE P RUAEHRIEFTERIZINENE, TRIE p —FERFEZRIRAIE
%, BAREMREFESBZTINEEFG, EXHMRIFHREAIAHES L
—2%, BMNERTARNHES, IERERFMEBEETR, M—HEE
77 RIS

- BRTsTESWERREREREIN (lag) RIEEIFRIIREANHEIN-
%, BmEESE. BALE OLS HitEF mE—H.

c RMH R —CERFNMNR, ARBIEEEIHBES2RANET
SRR ZR/NOETHE TR,

« NHE—EEERMIEL: —MEMRERRAEFE (AR , 75—
T REWRFAEEAM T HELRIZE.
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