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Multivariate Distribution

X=X Xo, .0 X)T WS, HESBERHN (X, X, ... X,)

- HREE(E

Elx] =

« HE-MHERER

Var[x] =

E[X,]]
E[X,]

E[ﬁ(n]_

O X,

OX, X,

Hx,
Hx,

Hx

0%, X,

O X,

Ox x, Ox X,

O-X 1Xn

Ox,x,

=E[xx"] —ppu’
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ZERELS OLS ffix

independently and identically distributed
Eat X NEHT, u, RMEIZE S A,

K ol (F=u E q1; %
%?—éﬂ’\]éﬁq_&._ - UH*EEEE-L\XEE‘Z Ei’/]'fﬁjj 0, E%jj o, EEIQ,\ U '3 u, E’Jﬂl‘ﬁ%jj 0,
y=Xpf+u, u|X~I1D,qs%I) ‘j
X ELHGRRAPEZ A MERIR:

% linearity: y 2 f BIZIERRER
R E X o AR, LB (v, X, .. X)) AEI—TEAE D IR FEZR
HMEM exogeneity: Elu, | X] =0 = Ely|X]=Xp

B3 ZE % homoskedasticity: Var[u, | X] = c? = FESMEM I,

7o B#1E3% non-autocorrelation: Covl[ug,u, | X] =0  Valu |X]=0" & Elw’|X] =0
Covlu,u, | X]=0 & Eluu, |X]=0

BwoN S

. . N _ s - HMFD &R A B it
RTIRIEOLS Hit8 f = X X)Xy B, BITERBBIZ:  on rjue’1x) - o1

5. X 5i##: rank(X) =k
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The Exogeneity Condition

Elu, | X] = 0 #%R jjfrd‘ﬁ%* % (strict exogeneity) , TEf&EEL
HAERBESZMmE, BENEFRIEIERFEEDE, — T iR5E3

RS ERIE & (predetermlnedness) Elu, | X,] =0

FEARIMEM T IASH
1. E[u,] = Ex|El[u, | X]| =0
2. Eluu'] = Ex|Eluu’ | X]| = E[6*I] = ¢°I

sz R A EE T B R R

AL, X ABNEZEERNGERERT X ABREZ =M,
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(M) HEIMIL

(Conditional) Mean Independence

MBI
= E[Y | X] = E[Y] N, #R YiIEMILITF X,

ENX AN, SEMIIEASNFRIES, YISEMIT X A~FF X IYEHI
Y.
EIH:
N I— X
X5 Yt X5 YEMIL X5 Y%%K
XY E[X | Y] = E[X], Cov[X,Y] =0

E[Y | X] = E[Y]

ZNIEES

& E[XY] = E[X]E[Y]

EM{E B e[5E https://www.econometrics.blog/post/why-econometrics-is-confusing-part-ii-the-independence-zoo/

BTN

S E[u, | X] = 0 B3z, MRRER u YEmT-

-EREE X,
0

£ X WUy, WEu | X] = E[u]. WAEMEEESR Eu] = 0.
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The Homoskedasticity & Non-autocorrelation Condition

Var[u | X] = o*I E#EF#759 spherical error, FFRIZEIFRRM

spherical distribution (BkE73 1)

X2
o

., //77'l:'0

Probability Density
o

pdf of bivariate N(0, I)

x1

contour plot
2D — 3D: circle — sphere
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Unbiasedness

el
ESHOWEIER 0, 07 0M—MEHE, WK E0] — 6, PibitE 0 1k
Z (bias) Rz, HE[0]—06,=0, A

E[0] = 6,
i, 0 23ERH.

{LITER—EE
ESH 0 WESER 0, 0" 2ETEE n MNERANGITE, N

plimé" =6, B n — oo Bt O — 0

n—oo

i, 6" 22—,
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(X)X ..., X)) FIITTBENAEAR, BEA X, BAKIER Elx] = 4.

BAEEINFEG T B LERR, SRMED) , BRIEXZE B
FRFUTEN—EETE (REUEN)

ZETE=A yu BfETHE:

1 n

T n - P
Ml—n+1zxi —ariY T O H

i=1
) 1.01 « )
o =— in = 1.01% -2 1.01u

i=1
) 0.99 p
fiz = 0.01x; + — Y x =001y +099% L5 0.01x, +0.99

n —
=2

PR iy mE—EE, X fi; mEdFRIE,
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p B3E{RTE

3% f EIS(ER f,y. B I OLS fHitE B K
p=X"X)"'XTy
= (X'X)"'X"(Xp) +u)
=B+ X' X)"'Xu
= E[fl=p,+E(X X)X u]
RIBIACEAZEIEN, AME IR IAE R,
ElX"X)"'XTu] = Ex|[ElX"X)"'XTu | X]
= Ex|X"X)"'X"E[u | X]|

R, SHIMEMSRM Elu | X = 0 pRIZAT,

T —1vT _ —
E[(X X)X u] =Ex[0] =0 A 18] B R A RS RS I,

) A - MAHEAIEM. L B AiR.
= E[pl=p, =P rARRETE) %0 D&M (2021) pp.90-92 "
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p BI—ENE

24 = fy+ X)X RisRRR - BREDRSH, B
A IR B An2 1B A M58 —INAEE AR AR 0 B8 A plim X" = A.plim¥" = B = plim X"Y" = AB
(plim %XTX) - (plim %XTu)
n—co n— o Theorem D.14 (Greene, 2020)
X'X2kxkiEr, 21, ) BER ﬁfﬂi‘ﬁﬂﬂiﬁ&ﬁi plim (W™ = Q!

n
T, _—
=1

—ARNER TR plim x, x;, {BHFIAERHE plim —-x; x;.
AR XX = Y XX, MRIEALER, plim ~ Y XX, = E[X'X,], Ei

TERIZ X, 2 ID BB
plim—X"X = EXX]1=Q = plim—(X'X)"'=0Q"

_>
n—oo n—0e0

B Q2R Syry
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B t—E

ETRBATITIE plim —X Tu,

AR X =Y XTu, WREAEN, plim—Y" XTu, = E[X u], Eit

n—oo

plim %X "u=E[Xu)

MNREBSHIENM Elu, | X,] =0, MARHE LIE,
E[X'w)] = Ex |E[X,'u, | X,)| = Ex [X," - E[u, | X]]
= Ex[X-0]=0

A, plim o X"u = E[Xu] = 0.

n—oo

AN ID, EFRAEMRMFN (TEBIMEERME) , f=F+ X' X) " Xuf
M2 —R9EERRERER 0, BD B 2 f —RUEiT =,
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% FaAERiE S — B —LEitie

o IERIEER TERIAX/NER, M—HIEERTAER,

« RIE P RUAEHRIEFTERIZINENE, TRIE p —FERFEZRIRAIE
%, BAREMREFESBZTINEEFG, EXHMRIFHREAIAHES L
—2%, BMNERTARNHES, IERERFMEBEETR, M—HEE
77 RIS

- BRTsTESWERREREREIN (lag) RIEEIFRIIREANHEIN-
%, BmEESE. BALE OLS HitEF mE—H.

c RMH R —CERFNMNR, ARBIEEEIHBES2RANET
SRR ZR/NOETHE TR,

« NHE—EEERMIEL: —MEMRERRAEFE (AR , 75—
T REWRFAEEAM T HELRIZE.
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Covariance Matrix of Random Vectors

X=X, Xo, ..., X)) T OBENIERE, HFE-MAEEN (SSIRERNH
HEIER) B

2
Ox.0x.x,""" Ox,x

2
G 6 L J 0
Var[x] = | 4% 2%

2
Ox x,0x x,"" Ox,

= E|(x — E[x])x — E[x])"]

=Elxx | —pu’

&= pu=E[x]=0, M Var[x] = E[xx '],
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Covariance Matrices are Positive Semidefinite

kX kIEFEA BEE (HIEE) 4 < x'Ax > Oforalx # 0,
(=)

- SHMEEIEE B, B'B 2¥IFTEE. R B 155HY, W B'B 2IEEER.
- MR A BTN, MB'AB 2¥FFE. R B ®5#HHK, WB'AB 2F%E.

- R A BWFRIETHERE, WEELXKEEB#HEA =B'B, BB RE2MK—
B9, (Cholesky &)

ZEMEE x EELSMES w  x:

Var[w 'x] = E[w "xx "'w] — E[w "x]E[x "w]
=w'E[xx"lw —w'E[x]E[x"]w w IEREHL B 24T

= WTVElI'[X]W >0 w ' x 3 scalar

Altt, Var[x] 2¥1FE.
REZMIERT Var[u] 2IEEER, REYw x = 0 WEES44mIL,
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B tath 5 E5ERE

BigEAFZMMEBEEREY Varlu | X] = o1, S9MEM Elu | X] = 0 B3I,
Eluu'|X] = ¢°1.

B et =R 2
Var[#] = E[(B — EIB1)(B — E[B])]
=E[(B-B)B—-P)"
=E[X"X)"'X Tuu"X(XTX)™] B=p+XX)'Xu

= Ey|E[(XTX)" X Tun "X (XTX) ! | X]]

= Ex| X" X)"' X TE[uu T | X1 XX TX)™!|
=’ (X'X)™!
I EEEIC RTINS Var[f | X] S,
R o’ EMEEESER of, W Var[f] = 62X X)~'. MR o KA, WEBNE#H#TIHEIT,
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TNRENFHE

Sy=0'f, o BH. yWIETER] =0 f.
7 Bt E R A A A
Var[7] = Var[w 'f] = E[w " (8 - p)(B — fy) @]

=0 E[(B- BB -B) 1w
= @ Var[f]
=w'c X' X)'®
LENGIEF URRESIUMNRZENL E. RIKFEMNAFERIMNIINE X, FU0 y,, LERIER
$.=X,f. MOMEMRIE, f hiER, Bt ), iR, FIRENHEE
Varly, — $,] = E[(y, — X,$)2] = E[(X,, + u, — X, )]
= E[ul] + E[(X,, — X,$)°] mmiaT7orei
= ag + Var[XSﬁA]
= 62 + X Var[f1X]
=05 + o X,(X X)X/

Var[X] = E[X?] — E[X]?
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{LITERENE

Efficiency of Estimator

NE—ZAFIAE A ERIEITE, BEEiTENEITRRE—RBEAE, WR{ETE a FBHEE
AKFEITE b, Bl1R a kb b BB (more efficient) . BXR—I1a 7] AIRAF N E B RHUF B
AP E RE TIEIT,

{HitE a BEITTHEMEN Var[a] ™' BIELE, FEita bt b EERAIUARER
Var[a]™' > Var[b]~!, 7 Var[a] < Var[b],

: attk bEBW < Var[a] < Var[b].
: athb BAW < (Var[b] — Var[a]) 2IEZHIETEERE,

il

I

. [

il

a tb b BEUENE a FHIBITER, UREIEZRNERESREESEHEDN b PrI—1FF
M, HEEMNE w, 7, =0 'a NEEMy, =0 'b —1EX, A

Varly,] < Varly,] & @ ' Varlalo < o 'Var[b]w
& ' (Var[b] — Var[a]) w > 0
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p B

EAESMEMSMAT, I OLS HitR f 24HRN. BN B 2y NEXRMLMY
5, FELHITR L REMEITE,

XEEE B —NEMHITE S =Ay. (A 2 X R
mEEN C=A — X' X)"' X7, g

B=Ay = X"X)"'XTy + Cy = + Cy
MBERNER B RIERETE, WEBRE E[S] =B, BN

E[B] = E[Ay] = E[A(XB, + u)]
= E[AX,BO] E[Au] = ﬂo

AR A 2 X R, RIESMEMR LIE 7118 E[Au] = 0. Bt f FEHREB(RIE
AX =1, 5N CX = 0.
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A\

p B

LHEIMEMIICX = O/, BF16 = B + Cy 2 f 1o IR GiTE.

Var[§] = Var[§ + Cy]
= Var :ﬂ/\] + Var[Cy] + ZCOV[ﬂAa Cy]

CX=0=Cy=Cu= E[Cy] =0, AL,

Cov[,Cy] = E[(f — B,)(Cy)"]
= E[(X"X)"'Xuu"C™]
= X" X)"'X"Eluu1CT WAMERR T St
_ (XTX)_lXTGgICT — 0 Eluu' | X] = 0’1
Ak, Var[f] — Var[#] = Var[Cy]. EXNAZEESLEE, Eitp
FR=E
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Gauss-Markov Theorem

Sz ERIIRR y = XP + u HEINEMESRMA Elu | X] = 0 A
EAEREEXEMN Elun’ | X] = o1 i, OLS fHitE f B%

MiHREITELSPRERN. EHEELMIEHRETE S, WA
ZBMEZZE

Var[ﬁ] — Var[ﬂA]

=+ EEFERE,

B 1R BLUE (Best Linear Unbiased Estimator) .

24
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IXZEDHEITE

Estimator of the Error Term

EEUREy =Xf+uh, fHlu Efli%[IEI’J A 1R BAYE OLS
REU=y— Xp "‘1’!519&%157 u AT E, HETRMIT o2

NHEE U BI—E5 TR
$Aﬁ A —EE AT A 4 B9—3004%, Bl phmﬁ = U,

« MINEMRRTBAEDL Eli, | X] = 0,
« MEIBZETBHEXMER AL Var[ﬁt | X] < Var[ut | X],
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El4, | X]=0

i =u—-XX'X)"'X"u Myu B35 t 13

=u,— ) XX X)"'X]u,
s=1

El4, | X] = E[u, | X] - ) X,X"X)"'X]E[u, | X]
s=1

=0

27



Varlu, | X] < Var|u, | X]

M it B9 5 E R ERERI1F

Varlii | X] = Var[Myu | X] = E[Myuu'My | X
= MyE[uu' | X1 My = Myc*IMy

IES

Var[d, | X] 2 0°My H95 t HBEE, &

= 6°My

NEtBERN | EEZREN O m=E, W Py IS  WARRFIURIERN

T T 2

o/ FREREEHW, WA >0, X

X

51 =Py+ M,

2 2
e, =Pye,+ Mye, = h = |Pxel” <l|el” =1

LR AZRIA N

Var[ii, | X] = 6*(1 — h)) < 6* = Var[u, | X]

28



o’ B9(Lit

Estimating ¢*

MRRETNSE o° KA, RMBREGE. RBSEHE, ABREROIAS2
_Zt 1”; ERGHITE, BERIRZENLENR, BRIIREZERAKESK,

BERAMMIETRE 67 = -3 07,

E[6* | X]1=—Y" E[i}|X]

=—Z_1Var[ut | X] ——2_1(1 — h)o?

B} Y b=k (S26,p80) , AE

62|X]:”;k2 2

R, 6° 8, FEEIERN o WEIHHE, s
E[EAtR/EI= (the standard error of regressmn)

Var[f] = s2XTX)™!

29

Ly mum NERETE. s WBIR

n—k
?ﬂzﬂ]?b&% s2 fhit B HOth S 25ERE, BN
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IRE

Mean Squared Error

BAVEITE B 1hTHER

{f,

x>

FHEHEIE

MSE(f) =

SRR T B IR, MR

BT RTINS Z4ERE Var] f] i EIRERIIEMT.

MRS ISR
E[(B - BB —By"]

= E[(f — E[B] + E[B] — B)(B — EIp1 + E[S] — )]

~/

—MEE S B

EiginedH1RZE (mean squared error, MSE)

= E[(f — E[B))(B — EBD"] + E[(E[B] — Bo)(E[B] — )]
= Var[f] + (E[S] — Bo)(EIB] — Bp)T

AL, WFRE—SHHITE,
MSE = Var, [
——HRBEERIGITE, I

EEFATRT I

MSE = Var + bias?, 4{git=223E R,

A ERFEESEIRREITEEITERE

N1z MSE,
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