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⼤样本检验



精确检验的条件

我们把精确检验（t 检验和 F 检验）所需的条件总结如下： 

•  与  独⽴

• 


如果以上条件不能被满⾜，就⽆法获得 t 统计量或 F 统计量的精
确分布。 

在⼤样本（ ）下，我们可以获得检验统计量的渐进分布。

X u
u ∼ N(0, σ2I)

n → ∞
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中⼼极限定理
Central Limit Theorem (CLT)

Lindeberg-Lévy 中⼼极限定理：如果  为 i.i.d. 且 ，则当  
时 
 
	 	  
 
此处 ,  ,   为均值为  ⽅差为  的正态分布 

• 在有限样本下，  的均值为 0，⽅差为 。LLN 告诉我们  
的渐进分布是正态分布


• 


• 当  是随机向量时，CLT 可以写成 
 
	

Xi E[X2
i ] < ∞ n → ∞

n(X̄n − μ) d⟶ Z ∼ N(0, σ2)

μ = E[Xi] σ2 = E[(Xi − μ)2] N(a, b2) a b2

Zn = n(X̄n − μ) σ2 Zn

n(X̄n − μ) = 1
n

∑n
i=1 (Xi − μ)

xt

plim
n→∞

1
n

∑n
t=1 xt = x0 ∼ N(μ, lim

n→∞
1
n ∑n

t=1 Var[xt])
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CLT 和 LLN 的最⼤区别在于，LLN 中的 
乘数是 ，⽽ CLT 中的乘数是 。1/n 1/ n



⼤样本下的单⼀约束检验

我们假设回归模型满⾜ ， ，其中误差项满⾜ ，
。同时假设 ，  是有限⾮随机正定矩阵。在这个假设下，

OLS 估计量  满⾜⼀致性。 
 
针对 ，已知 t 统计量可以写成 
 

	  

 
根据 LLN，第⼀项依概率收敛于 ，同时在  成⽴时 ，因此 
 

	  

 
右侧概率极限的分⼦符合 CLT 的形式，且其期望值为零，⽅差等于分⺟，因此可得  
（渐进分布是标准正态分布）。

y = Xβ + u u ∼ IID (0, σ2
0 I) E[ut ∣ Xt] = 0

E[u2
t ∣ Xt] = σ2

0 plim
n→∞

1
n X⊤X = SX⊤X SX⊤X

̂β

H0 : β2 = 0

tβ2
= n − k

y⊤MX y
⋅

x⊤
2 M1y/ n

x⊤
2 M1x2/n

1
σ0

H0 M1y = M1u

tβ2

p⟶
x⊤

2 M1u/ n

σ0 x⊤
2 M1x2/n

tβ2
a∼ N(0,1)
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（详⻅ pp. 152-154）



如果定义 ，则根据 CLT 可得


	 


因 ，根据 LLN 可知其概率极限为 ，因此其协⽅差矩阵的概率极限是零矩阵。但是


	 


当  时，右侧第⼀项依概率收敛于 ，⽽第⼆项正是上⾯定义的 ，因此，


	 


因此，


	 


这意味着  收敛⾄概率极限  的速度是 ，因此称为  ⼀致（root-n consistent）。

v = 1
n

X⊤u = 1
n

∑n
t=1 utX⊤

t

v a∼ N(0, lim
n→∞

1
n

n

∑
t=1

Var[utX⊤
t ]) = N(0, lim

n→∞

1
n

n

∑
t=1

E[u2
t X⊤

t Xt])
= N(0, σ2

0 SX⊤X)
̂β − β0 = (X⊤X)−1X⊤u 0

n( ̂β − β0) = ( 1
n X⊤X)−1 1

n
X⊤u

n → ∞ S−1
X⊤X v

Var[ n( ̂β − β0)] = S−1
X⊤X(σ2

0 SX⊤X)S−1
X⊤X = σ2

0 S−1
X⊤X

n( ̂β − β0)
a∼ N(0, σ2

0 S−1
X⊤X)

̂β β0 1/ n n

Root-n consistency
 ⼀致性n
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（注意  是对称矩阵）S−1
X⊤X



⼤样本下的多重约束检验

已知多重约束检验的 F 统计量是 
 

	 ，     

 
可以将其改写成 
 

	  

 
当  时，可得 ，或 。

Fβ2
=

ε⊤M1X2(X⊤
2 M1X2)−1X⊤

2 M1ε/r
ε⊤MXε/(n − k)

ε = u/σ0

Fβ2
=

n−1/2ε⊤M1X2(n−1X⊤
2 M1X2)−1n−1/2X⊤

2 M1ε/r
ε⊤MXε/(n − k)

n → ∞ rFβ2
∼ χ2(r) Fβ2

∼ F(r, ∞)
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（尝试推导此结论）



置信区间



区间估计
Interval Estimation

真实参数值  和估计量  之间的关系是 
 
	  
 

 是  的点估计（point estimation），⽽  加上抽样分布可以给出区间估计（interval 
estimation）。

θ ̂θ

θ = ̂θ +抽样误差
̂θ θ ̂θ

9

̂θ θ

 的抽样分布̂θ

lower bound

̂θ − cα

upper bound

̂θ + cα

显著性⽔平  的假设检验

对应 

α
100(1 − α) %

置信⽔平（confidence level） 

= 

= 

Pr[lower bound  ≤ θ ≤  upper bound]
1 − α

置信区间（confidence interval）
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8.5 Confidence Intervals 487

Figure 8.5 A sample of
one hundred observed 95%
confidence intervals based
on samples of size 26 from
the normal distribution with
mean µ = 5.1 and standard
deviation σ = 1.6. In this
figure, 94% of the intervals
contain the value of µ. 20
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Example
8.5.3

Rain from Seeded Clouds. In Example 8.5.2, the average of the 26 log-rainfalls from
the seeded clouds is Xn = 5.134. The observed value of σ ′ is 1.600. The observed
values of A and B are, respectively, a = 5.134 − 0.404 × 1.600 = 4.488 and b = 5.134 +
0.404 × 1.600 = 5.780. The observed value of the 95% confidence interval is then
(4.488, 5.780). For comparison, the mean unseeded level of 4 is a bit below the lower
endpoint of this interval. !

Interpretaton of Confidence Intervals The interpretation of the confidence inter-
val (A, B) defined in Definition 8.5.1 is straightforward, so long as one remembers
that Pr(A < g(θ) < B) = γ is a probability statement about the joint distribution of
the two random variables A and B given a particular value of θ . Once we compute the
observed values a and b, the observed interval (a, b) is not so easy to interpret. For
example, some people would like to interpret the interval in Example 8.5.3 as mean-
ing that we are 95% confident that µ is between 4.488 and 5.780. Later in this section,
we shall show why such an interpretation is not safe in general. Before observing the
data, we can be 95% confident that the random interval (A, B) will contain µ, but
after observing the data, the safest interpretation is that (a, b) is simply the observed
value of the random interval (A, B). One way to think of the random interval (A, B)

is to imagine that the sample that we observed is one of many possible samples that
we could have observed (or may yet observe in the future). Each such sample would
allow us to compute an observed interval. Prior to observing the samples, we would
expect 95% of the intervals to contain µ. Even if we observed many such intervals,
we won’t know which ones contain µ and which ones don’t. Figure 8.5 contains a
plot of 100 observed values of confidence intervals, each computed from a sample of
size n = 26 from the normal distribution with mean µ = 5.1 and standard deviation
σ = 1.6. In this example, 94 of the 100 intervals contain the value of µ.

Example
8.5.4

Acid Concentration in Cheese. In Example 8.2.3, we discussed a random sample of
10 lactic acid measurements from cheese. Suppose that we desire to compute a 90%
confidence interval for µ, the unknown mean lactic acid concentration. The number c

that we need in Eq. (8.5.3) when n = 10 and γ = 0.9 is the (1 + 0.9)/2 = 0.95 quantile
of the t distribution with nine degrees of freedom, c = 1.833. According to Eq. (8.5.3),
the endpoints will be Xn plus and minus 1.833σ ′/(10)1/2. Suppose that we observe
the following 10 lactic acid concentrations as reported by Moore and McCabe (1999,
p. D-1):

0.86, 1.53, 1.57, 1.81, 0.99, 1.09, 1.29, 1.78, 1.29, 1.58.

根据正态分布  随机⽣成  的样本，然后⽣成置信区间。

图中包含了100个这样的置信区间，其中94个包含真实的分布均值 。

N(μ = 5.1, σ2 = 1.62) n = 26
μ = 5.1

DeGroot & Schervish (2012), Probability and Statistics, 4th Edition, Pearson. (p.478)



线性回归系数的置信域
Confidence Region of Linear Regression Coefficients
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5.4 Confidence Regions 193

Confidence Ellipses and Confidence Intervals

Figure 5.3 illustrates what a confidence ellipse can look like when there are
just two components in the vector �2, which we denote by �1 and �2, and the
parameter estimates are negatively correlated. The ellipse, which defines a
.95 confidence region, is centered at the parameter estimates (�̂1, �̂2), with its
major axis oriented from upper left to lower right. Confidence intervals for �1

and �2 are also shown. The .95 confidence interval for �1 is the line segment
AB, and the .95 confidence interval for �2 is the line segment EF. We would
make quite di↵erent inferences if we considered AB and EF, and the rectangle
they define, demarcated in Figure 5.3 by the lines drawn with long dashes,
rather than the confidence ellipse. There are many points, such as (�00

1 ,�
00
2 ),

that lie outside the confidence ellipse but inside the two confidence intervals.
At the same time, there are some points, like (�0

1,�
0
2), that are contained in

the ellipse but lie outside one or both of the confidence intervals.

In the framework of the classical normal linear model, the estimates �̂1 and �̂2

are bivariate normal. The t statistics used to test hypotheses about just one
of �1 or �2 are based on the marginal univariate normal distributions of �̂1

and �̂2, respectively, but the F statistics used to test hypotheses about both
parameters at once are based on the joint bivariate normal distribution of the
two estimators. If �̂1 and �̂2 are not independent, as is the case in Figure 5.3,
then information about one of the parameters also provides information about
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Figure 5.3 Confidence ellipses and confidence intervals

多变量估计量的置信域通常可以
写成 
 
         
 
的形式，其图形含义为椭圆或椭
圆体。


注意图中置信域和⼀维置信区间
的区别！

变量的⼆次函数 ≤ C



异⽅差稳健统计量



异⽅差性及其影响
Heteroskedasticity and its Consequences

异⽅差性： ，  的⾮对⻆要素为零，对⻆要素  不相同。 
 
在外⽣性成⽴时，  的协⽅差矩阵可以写成 
 

	  

 
最后⼀⾏的表达式被称为 sandwich covariance matrix。 
 
异⽅差性的影响：

• OLS 估计量  不再是最有效的，但还是⼀致的。

•  不再是协⽅差矩阵的⾮偏估计量，因此影响假设检验的准确
性。

Var[u ∣ X] = Ω Ω ω2
t

̂β

Var[ ̂β] = E[( ̂β − β0)( ̂β − β0)⊤]
= (X⊤X)−1X⊤Ω X(X⊤X)−1

̂β
s2(X⊤X)−1
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详⻅ Lecture 6



异⽅差时的⼀致估计
Consistent Estimation under Heteroskedasticity 

当  未知时，我们通常需要对其进⾏估计。但是我们只有  个观测值，却需要估计  个 ，因此⽆法直
接得到  的⼀致估计量。 
 
但是我们可以估计 OLS 估计量的协⽅差矩阵。这⾥我们⽤  替代 ，则有 
 

	  

 
已知 ，我们可以⽤  作为该极限的⼀致估计量。 
 
中间项的极限  是  的对称矩阵，因此只有  个参数需要估计。在⼀定条件

下，我们可以通过  的某些⾮⼀致估计量  对该项进⾏⼀致估计，即 。（White, 1980） 
 
在实际应⽤中，我们可以忽略  ⽽直接估计  的协⽅差矩阵： 
 
	  
 
这种估计量被称为 heteroskedasticity-consistent covariance matrix estimator (HCCME)，或 
heteroskedasticity-robust estimator。

ω2
t n n ω2

t
Ω

n( ̂β − β0) ̂β

Var[ n( ̂β − β0)] = E[n( ̂β − β0)( ̂β − β0)⊤]
= ( 1

n X⊤X)−1( 1
n X⊤Ω X)( 1

n X⊤X)−1

plim
n→∞

1
n (X⊤X)−1 = (SX⊤X)−1 1

n (X⊤X)−1

plim
n→∞

1
n X⊤Ω X k × k 1

2 k(k + 1)
Ω Ω̂ 1

n X⊤Ω̂ X

1/n ̂β

̂Varh[ ̂β] = (X⊤X)−1X⊤Ω̂ X(X⊤X)−1
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HCCMEs

HCCME 的关键是如何找到合适的估计量 。因为  是对⻆矩阵，  也是对⻆矩
阵。下⾯通过定义  的第  对⻆要素介绍⼏种常⽤的 HCCME。 

•  

•  

• ，  是  的第  对⻆要素 

• 

 
这四个 HCCME 都满⾜⼀致性，但在有限样本下表现都不够好。四个当中  表
现最差，  或  表现最好。 
 
需要注意的是，有些软件⾥的默认设定是使⽤ ，在实践操作中需要⼈为指定。

Ω̂ Ω Ω̂
Ω̂ t

HC0 : ̂u2
t

HC1 : n
n − k ̂u2

t

HC2 : ̂u2
t /(1 − ht) ht PX t

HC3 : ̂u2
t /(1 − ht)2

HC0
HC2 HC3

HC0
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